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ABSTRACT
Two coupled particles of identical masses but opposite charges, with a constant transverse external
magnetic field and an external potential, interacting with a bath of harmonic oscillators are studied.
We show that the problem cannot be mapped to a one-dimensional problem like the one in Ref.
[7], it strictly remains two-dimensional. We calculate the effective action both for the case of linear
coupling to the bath and without a linear coupling using imaginary time path integral at finite
temperature. At zero temperature we use Leggett’s prescription to derive the effective action. In
the limit of zero magnetic field we recover a two dimensional version of the result derived in Ref. [4]
for the case of two identical particles. We find that in the limit of strong dissipation, the effective
action reduces to a two dimensional version of the Caldeira-Leggett form in terms of the reduced
mass and the magnetic field. The case of Ohmic dissipation with the motion of the two particles
damped by the Ohmic frictional constant η is studied in detail.
INTRODUCTION
Macroscopic quantum tunneling with dissipation has
become the subject of interest in quantum statistical me-
chanics and condensed matter physics for many years
[1, 3, 10]. This mainly involves the influence of the en-
vironment (thermal bath of harmonic oscillators) on the
tunneling of a macroscopic particle with variable, say q,
out of an external potential V (q), which is assumed to
have a metastable minimum. In most cases of physical
interest, it is assumed that q interacts linearly with the
environmental coordinate say xα (α = 1, 2, · · · ) at a cer-
tain temperature T . The breakthrough in this subject
was made by Caldeira and Leggett [3]. They considered
a Euclidean Lagrangian of the form
LE = 1
2
Mq˙2 + V (q) +
∑
α
1
2
mα(x˙
2
α + ω
2
αx
2
α)
+ q
∑
α
cαxα,
(1)
where the parameters mα, ωα, cα need not to be known
in detail. The partition function is given by
K(q, xα; τ) =
∫
Dq(τ)
∫ ∏
α
Dxα(τ) exp (−SE) , (2)
where
SE =
∫ τ
0
dτLE . (3)
Performing the functional integral over xα in the limit
τ →∞ gives
K(q; τ) =
∫
Dq(τ) exp
(
−SeffE
)
, (4)
where the effective action is given by
SeffE =
∫ τ
0
dτ
[
1
2
Mq˙2 + V (q)
]
+
η
4pi
∫ ∞
−∞
dτ ′
∫ τ
0
dτ
[q(τ)− q(τ ′)]2
(τ − τ ′)2 ,
(5)
and η is the frictional constant. Chudnovsky [4] gen-
eralized this formalism by considering two macroscopic
particles that interact with each other via a nonlinear
potential V (|x1 − x2|) with the coordinate x2 linearly
coupled to the environment. The Euclidean Lagrangian
is of the form
LE = 1
2
M1x˙
2
1 +
1
2
M2x˙
2
2 + V (|x1 − x2|) +
1
2
∑
α
mαx˙
2
α
+
1
2
∑
α
mαω
2
α(xα − x2)2.
(6)
Integrating out the environmental degree of freedom and
using the new coordinates
q = x1 − x2,
r =
M1x1 +M2x2
M1 +M2
,
(7)
he found that in the limit M1 → ∞, the effective action
reduces to the form of Caldeira and Leggett:
SeffE =
∫ ~/T
0
dτ
[
1
2
M2q˙
2 + V (q)
]
+
1
2
∫ ∞
−∞
dτ ′
∫ ~/T
0
dτα(τ − τ ′) [q(τ)− q(τ ′)]2 ,
(8)
where
α(τ) =
1
4
∑
α
mαω
3
α exp(−ωα|τ |). (9)
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2In this paper, we will generalize Chudnovsky’s idea by
considering two coupled macroscopic particles, in the
presence of a constant transverse external magnetic field
and an external potential. Due the presence of an exter-
nal magnetic field, this problem is at least two dimen-
sional.
MODEL
In the presence of a magnetic field B derivable from a
vector potential (B =∇×A), the Euclidean Lagrangian
we will first consider is of the form
LE = m1
2
|x˙1|2 + m2
2
|x˙2|2 + ie (x˙1 ·A1 − x˙2 ·A2)
+
1
2
m1ω
2
1x
2
1 +
1
2
m2ω
2
2x
2
2 + V (|x1 − x2|).
(10)
Here the vectors have two components given by x1 =
xi1 = (x, y) and x2 = xi2 = (X,Y ), where A1 and A2
are the vector potentials of particle 1 and 2 respectively.
Notice that the third term in Eq.(10) is completely imag-
inary. This comes from the fact that it is first order in
time derivative, hence analytically continuing to imag-
inary time (t → e−iθτ , θ = pi/2) makes it completely
imaginary. The results obtained here are not restricted
only to two dimensions. It is completely general and can
be extended to n-dimensional Euclidean space.
By choosing the symmetric gauge vector potential for
the two particlesAi = 12B×xi, i = 1, 2, whereB = B⊥zˆ,
the Euclidean Lagrangian can be written as
LE = m1
2
|x˙1|2 + m2
2
|x˙2|2 + ieB⊥
2
(x˙1 × x1 − x˙2 × x2)
+
1
2
m1ω
2
1x
2
1 +
1
2
m2ω
2
2x
2
2 + V (|x1 − x2|).
(11)
One can show that the results are independent of the
choice of gauge. The Lagrangian in Eq.(11) describes
motion of two coupled particles of opposite charges in
the plane, in the presence of a constant transverse ex-
ternal magnetic field and an external potential. These
two particles interact with each other by a nonlinear po-
tential V (|x1 − x2|) which has a metastable minimum.
The magnetic field breaks the time reversal symmetry of
the Lagrangian and the weak harmonic oscillator poten-
tials break the spatial translation symmetry of the La-
grangian. However, we can restore spatial translation in-
variance up to a total derivative in the limit ω1 = ω2 = 0.
This will be the case at the end of the calculation in
this paper. Hence, the total linear momentum is con-
served and the dynamics of the system cannot, therefore,
change the position of the center of mass [4]. Notice that
the presence of the magnetic field makes the Lagrangian
strictly two-dimensional.
EFFECTIVE ACTION
We proceed to the effect of an external transverse mag-
netic field on the tunneling of the particles out of a
metastable state by following the method of Caldeira and
Leggett[1]. The partition function is given by
Z =
∫
dx1dx2K(x1,x2, β), (12)
where
K(x1,x2, β) =
∫
Dx1
∫
Dx2 exp (−SE) , (13)
and
SE =
∫ β
0
dτLE , (14)
β = 1/T is the inverse temperature. The tunneling rate
is proportional to exp(−ScE), where the Euclidean classi-
cal action ScE is determined from the bounce solution of
the equation δSE = 0, in which the periodic boundary
condition x1(0) = x1(β) and x2(0) = x2(β) are required.
We will set ~ = 1 throughout the calculation in this
paper. Let us simplify the problem by takingm1 = m2 =
m and ω1 = ω2 = ω′ and now introduce the following
change of variables
q = x1 − x2, r = x1 + x2
2
(15)
where q is the position of particle 1 relative to particle
2 and r is the position vector of the center of mass of
particles 1 and 2. The Lagrangian in the new coordinate
system is of the form
LE = 1
2
m˜
(
q˙i
2 + ω′2qi2
)
+ V (|qi|)
+
M
2
(
r˙i
2 + ω′2r2i
)
+ ieB⊥ij r˙iqj +
ieB⊥
2
d
dτ
(ijqirj),
(16)
where subscript i = 1, 2, m˜ = 12m is the reduced mass
and M = 2m is the total mass. The last term in Eq.(16)
is a total derivative and thus has no contribution to the
classical equation of motion. However, this term cannot
in general be ignored when computing the quantum tran-
sition amplitude because it can generate phase terms in
the Euclidean action that may, in principle, produce os-
cillations of the tunnelling amplitude on the applied field,
but since we impose periodic boundary condition on the
coordinates qi(β) = qi(0) and ri(β) = ri(0), the total
derivative term integrates out from the action. Thus, it
can be ignored from Eq.(16).
The density matrix becomes
K(qi, ri, β) =
∫ qi(β)=qi0
qi(0)=qi0
Dqi
∫ ri(β)=ri0
ri(0)=ri0
Dri exp (−SE) . (17)
3Exploiting the periodic boundary conditions on qi and
ri, one can expand these coordinates in terms of Fourier
series [5, 9]:
ri(τ) =
1
β
n=∞∑
n=−∞
rine
iωnτ , etc, (18)
where r−in = r∗in and ωn = −ω−n = 2pin/β is the bosonic
matsubara frequency. The classical equation of motion
for ri is
M ¨¯ri + ieB⊥ij ˙¯qj −Mω′2r¯i = 0. (19)
Fourier transforming (19) we obtain
r¯in = − eB⊥ωnijqjn
M(ω2n + ω
′2)
. (20)
For any path, we write
ri(τ) = r¯i(τ) + yi(τ), (21)
so yi(0) = yi(β) = 0. The Fourier transform of the center
of mass coordinate ri(τ) action becomes
SrE =
1
β
n=∞∑
n=−∞
1
2
M(ω2n + ω
′2)|yin|2
+
1
β
n=∞∑
n=−∞
(eB⊥ωn)2
2M(ω2n + ω
′2)
|qin|2, .
(22)
Notice that the linear term in yin vanishes by means of
the equation of motion. Dri = Drin = Dyin, the Gaus-
sian integral over yin in Eqn.(17) is easily done, we finally
obtain the effective action:
SeffE =
∫ β
0
dτ
{
m˜
2
q˙i
2 + V (|qi|)
}
− 1
2β
n=∞∑
n=−∞
An|qin|2,
(23)
where
An = −
(
m˜ω′2 +
(eB⊥ωn)2
M(ω2n + ω
′2)
)
. (24)
The equivalent form of the Caldeira Leggett effective
action [1] one can obtain from (23) is
SeffE =
∫ β
0
dτ
{
m˜
2
q˙i
2 + V (|qi|)
}
+
1
4
∫ β
0
dτ
∫ β
0
dτ ′A(τ˜) [qi(τ)− qi(τ ′)]2 .
(25)
where τ˜ = τ − τ ′ and
A(τ) = −Mω
2
c
β
n=∞∑
n=−∞
ω2ne
iωnτ
(ω2n + ω
′2)
,
(26)
ωc = eB⊥/M is the cyclotron frequency. The first term
in (24) is independent of ωn and thus give an unnecessary
delta function contribution to (26) which does not have
any contribution to the effective action and hence can be
neglected. Further simplification of (26) yields
A(τ) ≈ Mω
2
c
β
n=∞∑
n=−∞
ω′2
(ω2n + ω
′2)
eiωnτ . (27)
The above expression can now be summed easily by
means of residue theorem or the summation formula
[5, 6], it is given by
A(τ) = Mω
2
c
2
ω′ cosh [ω′(β/2− |τ |)]
sinh(βω′/2)
. (28)
The effective action then becomes
SeffE =
∫ β
0
dτ
{
m˜
2
q˙i
2 + V (|qi|)
}
+
Mω2c
4
∫ β
0
dτ ′
∫ β
0
dτ
ω′
2
cosh [ω′(β/2− |τ |)]
sinh(βω′/2)
× [qi(τ)− qi(τ ′)]2 .
(29)
In the limit ω′ → 0, Eqn.(28) simplifies to
A(τ) = Mω2c/β, (30)
and the action is thus
SeffE =
∫ β
0
dτ
{
m˜
2
q˙i
2 + V (|qi|)
}
+
Mω2c
4β
∫ β
0
dτ ′
∫ β
0
dτ [qi(τ)− qi(τ ′)]2 .
(31)
The effective actions in Eqn’s.(29) and (31) are strictly
two dimensional (i = 1, 2) version of Eqn.(20) and
Eqn.(13) in Ref.[2] for the case of finite pinning, no dissi-
pation and no pinning, no dissipation respectively. How-
ever, in the present case the effective action depends on
the relative coordinate of the two particles.
LEGGETT’S PRESCRIPTION AT ZERO
TEMPERATURE
Let us now derive the zero temperature (β →∞) ver-
sion of Eqn. (31) by applying the Leggett’s prescription
[10]. This prescription simply tells us that if the Fourier
transform of the real time classical equation of motion is
of the form
K(ω)qi(ω) = −
(
dV
dqi
)
(ω), (32)
then the formula for the tunneling rate can be obtained
from the effective action
SeffE =
1
2pi
∫ ∞
−∞
1
2
K(−i|ω|)|q˜i(ω)|2dω + Sv(q˜i(ω)), (33)
4where
Sv(q˜i(ω)) ≡
∫ ∞
−∞
dτV (qi(τ)), (34)
and q˜i(ω) is the Fourier transform of the imaginary-time
trajectory. Now the real time classical equations of mo-
tion from (16) are
M(r¨i + ω
′2ri)− eB⊥ij q˙j = 0. (35)
m˜(q¨i + ω
′2qi)− eB⊥ij r˙j = −dV
dqi
. (36)
Next, we perform the real time Fourier transform
Eqn’s.(35) and (36) at zero temperature (see Appendix)
and solve for qi(ω). The result is of the form
K(ω)qi(ω) = −
(
dV
dqi
)
(ω), (37)
where
K(ω) = −m˜(ω2 − ω′2) + (eB⊥ω)
2
M(ω2 − ω′2) . (38)
Plugging (38) into (33), we obtain
SeffE =
1
2pi
∫ ∞
−∞
dω
1
2
[
m˜(ω2 + ω′2)
+
(eB⊥ω)2
M(ω2 + ω′2)
]
|q˜i(ω)|2 + Sv(q˜i(ω)).
(39)
One can simply derive this equation from (23) as β →∞
by Fourier transforming the kinetic term in (23), and re-
placing ωn by ω and the summation over n by integration
over ω with a normalization factor of 1/2pi. Therefore,
we see that the results are consistent.
DISSIPATIVE ENVIRONMENT
In this section we shall consider the coupling of the La-
grangian in (10) to a thermal harmonic oscillators in two
dimensions. Therefore classical dynamics of the system
will be dissipative. The Euclidean Lagrangian we will
consider is of the form
LE = m1
2
|x˙1|2 + m2
2
|x˙2|2 + ieB⊥
2
(x˙1 × x1 − x˙2 × x2)
+
1
2
m1ω
2
1x
2
1 +
1
2
m2ω
2
2x
2
2 + V (|x1 − x2|)
+
N∑
α=1
mα
2
[
x˙ 2α + ω
2
α (xα − x)2
]
,
(40)
where x = (x1,x2).
In the absence of a transverse magnetic field and
weak harmonic oscillator potentials, the Lagrangian cor-
responds to a two dimensional version of the one consid-
ered in Ref. [4] except for the coupling in x instead of x2.
The Lagrangian is also similar to the one studied in Ref.
[8] where it was shown that the action can be mapped to
a one-dimensional problem. However, this is not the case
in Eqn.(40). We have assumed that both particles are
coupled to a large environmental harmonic oscillators.
Notice that the Lagrangian is still translational invariant
up to a total derivative when ω1 = ω2 = 0. Therefore
translational invariance of the system will be restored by
taking the limit ω1 = ω2 = 0 at the end of the calcula-
tion.
In order to obtain the effective action, we expand xα
and x in a Fourier series:
xα(τ) =
1
β
n=∞∑
n=−∞
xαne
iωnτ ,
x(τ) =
1
β
n=∞∑
n=−∞
xne
iωnτ , etc.
(41)
Performing the Gaussian integration over xαn we ob-
tain
K(x1,x2, β) =
∫
Dx1(τ)
∫
Dx2(τ) exp (−SE) , (42)
where
SE =
∫ β
0
dτ
[
m
2
(x˙ 21 + x˙
2
2) + i
eB⊥
2
(x˙1 × x1 − x˙2 × x2)
+
1
2
(mω′2 +
∑
α
mαω
2
α)x
2 + V (|x1 − x2|)
]
− 1
β
∑
αn
mαω
4
α
2(ω2n + ω
2
α)
|xn|2.
(43)
We have set m1 = m2 = m and ω1 = ω2 = ω′ to arrive
at this result. Next, we rewrite (43) in terms of qi and ri
using (15), Fourier transform using (18) and use the fact
that the Fourier coefficient |xn|2 = |x1n|2 + |x2n|2 where
x1n = rn +
1
2
qn, and x2n = rn − 1
2
qn. (44)
Then the Gaussian integration over rn can be easily done,
and we obtain
K(qi;β) =
∫
Dqi(τ) exp
(
−SeffE
)
, (45)
where
SeffE =
∫ β
0
dτ
(
m˜
2
q˙i
2 + V (|qi|)
)
+
1
4
∫ β
0
dτ
∫ β
0
dτ ′ (A(τ˜) + B(τ˜)) [qi(τ)− qi(τ ′)]2
(46)
5The coefficients are
A(τ) = (eB⊥)
2
Mβ
∑
n
Mω′2 + 2λnω2n
M(ω2n + ω
′2) + 2λnω2n
eiωnτ (47)
B(τ) = − 1
2β
∑
n
ω2nλne
iωnτ (48)
λn(β) =
∑
α
mαω
2
α
ω2α + ω
2
n
. (49)
Constant terms independent of ωn have been dropped
since they give no contribution to (46). In general,
Eqn.(47) is difficult to sum unless one considers some
limiting cases.
OHMIC DISSIPATION
In line with Ref.[4], we will assume that the effect of
the oscillators on the motion of the particles result in
the force of friction ηx˙. This requires that the spectral
density should be defined as
J(ω˜) =
pi
2
∑
α
mαω
3
αδ(ω˜ − ωα). (50)
All the information concerning the effect of the environ-
ment on the dynamics of the particles is contained in
J(ω˜). The spectral function is frequently assumed to be
of the form [1, 2]
J(ω˜) = ηω˜s exp (−ω˜/ωc) , (51)
up to a frequency cutoff ωc, where s > 1 is the super-
Ohmic case, s = 1 is the Ohmic case, and 0 ≤ s < 1
is the sub-Ohmic case. In this section, we will consider
only the case of Ohmic dissipation with ωc →∞. Using
the definition of the spectral function (50) we have
λn =
2
pi
∫ ∞
0
dω˜
ω˜
J(ω˜)
ω˜2 + ω2n
=
η
|ωn| . (52)
The second equality follows from (51) for the Ohmic case.
The effective action (46) in this case becomes
SeffE =
∫ β
0
dτ
(
m˜
2
q˙i
2 + V (|qi|)
)
+
1
4
∫ β
0
dτ
∫ β
0
dτ ′ [A(τ˜) + B(τ˜)] [qi(τ)− qi(τ ′)]2
(53)
where
A(τ) = (eB⊥)
2
Mβ
∑
n
Mω′2 + 2η|ωn|
M(ω2n + ω
′2) + 2η|ωn|e
iωnτ , (54)
B(τ) = − 1
β
∑
n
η|ωn|
2
eiωnτ . (55)
Let us consider the limit of very strong dissipation η 
M , setting ω′ = 0 we have
2η|ωn|
Mω2n + 2η|ωn|
≈ 1− M |ωn|
2η
. (56)
Hence the effective action becomes
SeffE =
∫ β
0
dτ
(
1
2
m˜q˙i
2 + V (|qi|)
)
+
ηeff
8pi
∫ β
0
dτ ′
∫ β
0
dτ
[qi(τ)− qi(τ ′)]2
(β/pi)2 sin2(piτ˜/β)
,
(57)
where
ηeff =
(eB⊥)2
η
+ η. (58)
In the limit B⊥ = 0, the action corresponds to a two
dimensional version of Eq.(44) in Ref.[4] for m1 = m2.
At T = 0, we apply the Leggett’s prescription outline
above. The real time classical equations of motion for the
case in which the motion of the two identical particles are
damped by Ohmic friction with constant η are
mx¨1i − eB⊥ij x˙1j + ηx˙1i +mω′2x1i = −
∂V
∂x1i
, (59)
mx¨2i + eB⊥ij x˙
2
j + ηx˙
2
i +mω
′2x2i = −
∂V
∂x2i
. (60)
Substituting x1i and x2i in terms of ri and qi using the
inverse transformation of (15), we obtain, after adding
and subtracting the resulting equations
2mr¨i − eB⊥ij q˙j + 2ηr˙i + 2mω′2ri = 0,
1
2
mq¨i − eB⊥ij r˙j + 1
2
ηq˙i +
mω′2qi
2
= −∂V
∂qi
.
(61)
Fourier transforming (61) and solving for qi(ω) we obtain
K(ω)qi(ω) = −∂V
∂qi
(ω), (62)
where K(ω) in this case is given by
K(ω) = −m˜(ω2 − ω′2) + (eB⊥ω)
2
M(ω2 − ω′2)− 2iηω (63)
+
iηω
2
.
The effective action at T = 0 is thus
SeffE =
1
2pi
∫ ∞
−∞
dω
1
2
[
m˜(ω2 + ω′2) +
η|ω|
2
+
(eB⊥ω)2
M(ω2 + ω′2) + 2η|ω|
]
|q˜i(ω)|2 + Sv(q˜i(ω)).
(64)
6Fourier transforming back to imaginary time domain
(see Appendix) we obtain
SeffE =
∫ ∞
−∞
dτ
(
1
2
m˜q˙i
2 + V (|qi|)
)
+
η
8pi
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ
[qi(τ)− qi(τ ′)]2
|τ − τ ′|2
+
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ G(τ − τ ′) [qi(τ)− qi(τ ′)]2 ,
(65)
where
G(τ − τ ′) =
∫ ∞
−∞
dω
2pi
G(ω)eiω(τ−τ ′), (66)
and the Fourier coefficient is
G(ω) = (eB⊥)
2
4M
Mω′2 + 2η|ω|
M(ω2 + ω′2) + 2η|ω| . (67)
As usual, we have dropped constant terms independent
of ω. The plot of G(ω) as a function of ω is shown in
Fig.(1). For ω′ = 0, the integration in Eq.(66) gives in
the large τ − τ ′ limit [2, 8]
G(τ − τ ′) = (eB⊥)
2
8piη
1
|τ − τ ′|2 . (68)
Plugging this expression into Eq.(65) we recover a two-
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FIG. 1: (Color online): Plot of G(ω) as a function of ω for
M = 1. η = 0.1, ω′ = 0 (black), η = 0.2, ω′ = 0.1 (green),
η = 0.3, ω′ = 0.2 (blue).
dimensional version of Eq.(18) in Ref. [2] for the case of
no pinning and finite dissipation.
CONCLUSIONS
We have studied the macroscopic quantum tunneling
of two coupled particles of identical masses but opposite
charges in the plane, in the presence of a constant trans-
verse external magnetic field and an external potential
whose interaction potential allows for a metastable state.
We showed that the effect of the magnetic is to suppress
the tunneling of the particles out of a metastable state
and also the effective action remains two dimensional un-
like a one dimension version obtained in Ref. [7].
We further coupled the system to a thermal bath of
harmonic oscillator and showed that in the limit of strong
dissipation, there is an effect of the magnetic field to the
effective action. In the limit of zero magnetic field, we
reproduced a two dimensional version of the results ob-
tained in Ref. [4] for m1 = m2, which also coincides with
the results of Caldeira and Leggett [1] in two dimensions
in terms of the reduced mass. The results obtained in the
paper are as a consequence of the conservation of total
linear momentum as was shown in Ref.[4]. These results
can be applied to the metastable states of the molecules
of fluid and solids in a transverse magnetic field and also
to coupled superconductor vortex tunneling in two di-
mensions.
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APPENDIX
The real time Fourier transform is defined as
qi(t) =
1
2pi
∫ ∞
−∞
dω qi(ω)e
iωt, etc (69)
and the imaginary time Fourier transform is defined as
q˜i(ω) =
∫ ∞
−∞
qi(τ)e
−iωτdτ (70)
Fourier transforming Eq .(64) we have for the potential
term
Sv(q˜i(ω)) =
∫ ∞
−∞
dτV (qi(τ)). (71)
The first term in Eq.(64) gives
S1 =
∫ ∞
−∞
dτ
∫ ∞
−∞
dτ ′
1
2
m˜q˙i(τ)q˙i(τ
′)
1
2pi
∫ ∞
−∞
dωeiω(τ−τ
′)
(72)
=
∫ ∞
−∞
1
2
m˜q˙i(τ)
2
Note the contribution from ω′ gives a delta function and
hence a factor of qi(τ)2 which can then be absorbed in
the potential Eq.(71).
The second term in Eq.(64) gives
S2 =
1
8pi
∫ ∞
−∞
dτ
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dω η|ω|eiω(τ−τ ′)qi(τ)qi(τ ′)
(73)
7Now we use the fact that
η|ω| = 2η
pi
∫ ∞
0
du
ω2
u2 + ω2
. (74)
Plugging (74) into (73) and performing the contour in-
tegration over ω and subsequently integration over u we
obtain
S2 =− 1
4pi
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτ
qi(τ)qi(τ
′)
|τ − τ ′|2 (75)
The last term in Eq.(64) is simply
S3 = 2
∫ ∞
−∞
dτ ′
∫ ∞
−∞
dτG(τ − τ ′)qi(τ)qi(τ ′) (76)
We can use the fact that
qi(τ)qi(τ
′) =
1
2
[
qi(τ)
2 + qi(τ
′)2 − (qi(τ)− qi(τ ′))2
]
to arrive at Eq.(65).
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